
Abstract− This paper introduces an algorithm for blind adap-
tation of decision feedback equalizers (DFE), which is applied for
equalization in the passband domain. The transmission scheme,
which is assumed to be unknown at the receiver side, can either
be carrierless amplitude/phase (CAP) modulation or quadrature
amplitude modulation (QAM). As the input signal of the
passband equalizer is real-valued, the tap weights of the complex-
valued feedback filter cannot be identified by a standard whiten-
ing approach. We propose therefore an algorithm, which deter-
mines a starting coefficient set by means of an infinite impulse
response (IIR) equalizer updated by constant modulus algorithm
(CMA). For stability reasons, the equalizer’s feedback filter is im-
plemented in lattice structure during acquisition. In case of QAM
transmission, its tap weights have to be rotated before switching
to the DFE. The feedback filter is then fed by the soft decision in
order to minimize the probability of wrong solutions.

I. INTRODUCTION

Carrierless amplitude/phase (CAP) modulation and quadra-
ture amplitude modulation (QAM) are two bandwidth-effi-
cient transmission schemes. A technique to blindly adapt a
linear passband equalizer for the both closely related line codes
was proposed in [1]. This technique can furthermore determine
whether CAP or QAM is employed for transmission. It can e.g.
be applied successfully to very high speed digital subscriber
line (VDSL) systems, for which it has been proposed [2] that
both line codes can be used, while blind adaptation is assumed.

It is however commonly accepted that a decision feedback
equalizer (DFE) offers better performance than its linear coun-
terpart for most scenarios, especially for those limited by inter-
symbol interference (ISI). Our goal is therefore to develop a
blind adaptation technique for DFEs employed in the passband
domain. As the input of the equalizer is a real-valued passband
signal, the technique introduced in [3], which approximates the
tap weights of the feedback filter by whitening the equalizer’s
input signal, can not be directly applied to our scenario. The
analytic signal of the input would have to be generated by a
Hilbert transformer in this case, resulting in increased hard-
ware complexity. We present therefore a technique, to deter-
mine an initial set of DFE parameters by minimizing the
constant modulus (CM) cost function [4] by an infinite impulse
response (IIR) filter. As direct-form IIR filters may become in-
stable during coefficient adaptation, we present a lattice filter
implementation of the CM algorithm (CMA), which allows
easy stability monitoring. A different IIR-CMA implementa-

tion in normalized lattice structure has been proposed in [5] for
PAM transmission. As our filter has to be complex-valued, we
apply a technique implementing the lattice filter in the two-
multiplier form, which is well suited in this case.

If the CMA-updated equalizer succeeds to open the eye dur-
ing acquisition mode, the applied transmission scheme is de-
termined at the receiver side and the algorithm is switched to
tracking mode, using decision directed (DD) adaptation. Sta-
bility monitoring is then not needed anymore, so that the feed-
back filter can be implemented in the more hardware-efficient
direct form. The tap weights are therefore transformed with a
simple recursive algorithm. This calculation can be performed
offline, if we assume the channel to be only slowly time-vary-
ing. If the transmission scheme turns out to be QAM, the pa-
rameters of the feedback filter have furthermore to be rotated.

II. SYSTEM MODEL

Consider first the output signal of a conventional baseband
QAM transmitter given by

, (1)

where  denotes the transmit symbol,  is the
carrier angular frequency,T is the symbol period, and  is
the lowpass shaping filter. Fig. 1 shows the system model of a
QAM transmission system with pulse-shaping filters

 and  implemented
as passband shaping filters. For equivalence to the baseband
transmitter, the symbols  are rotated versions of :

. (2)

This rotation can be considered as a recoding of the transmit-
symbols which has to be reversed at the receiver side. If the
two rotators are removed, the CAP modulation scheme is ob-
tained.

The observation at the receiver input is given byL subchan-
nels

, (3)

modeling the temporal diversity caused by the oversampling,
where each subchannel is given by

, (4)
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andq-1 denotes the unit-shift operator.
The discrete channelH(z) is composed ofL finite impulse

response (FIR) filters of lengthNH combining the impulse re-
sponses of the pulse-shaping filters and the transmission chan-
nel. In the frequency domain it is given by

. (5)

The noise is composed ofL independent Gaussian processes
 with variance .

The DFE shown in Fig. 1 consists of the fractionally-spaced
(FS) feedforward filter
operating in the passband domain with real-valued input sam-
ples , followed by the feedback filter  whose input
are sliced symbols . The rotator required in
the case of QAM transmission is located at the output of the
forward equalizer, i.e. the output of the DFE is substracted
from the backrotated symbols.

III. PROPOSEDALGORITHM

A.  Equalizer Structure

The structure of the IIR equalizer in cascade lattice form [6]
is shown in Fig. 2. It consists of a feedforward filter withL⋅N-
element coefficient row-vector

, (6)

whereN is the number of taps per subchannel and

, (7)

followed by anM-tap feedback filter with coefficients repre-
sented by row-vector

. (8)

The equalizer output  is given by

, (9)

whereR(n) = [rT(n) rT(n-1) ...rT(n-N+1)]T collects theN pre-
cedingL−element vectors of input samples and the state vector
of the lattice filter is given byX(n) = [x0(n) x1(n) ...xM-1(n)]T.
It follows from Fig. 2, thatX(n+1) is given by

, (10)

whereP(n) = [1 k0(n) k1(n) ...kM-2(n)]T,  is the output of
the forward filter and theM×M matrixQ(n) is given by

(11)

Stability monitoring of the lattice filter is very simple, as one
solely has to ensure that the absolute values of the feedback fil-
ter tap weights stay below one [6]. Strictly speaking, this con-
dition guarantees bounded input bounded output (BIBO)
stability only in steady state. However, extensive simulations
indicate that this condition works also well for adapted filters
of the considered structure [7].

B.  IIR-CMA for the considered equalizer structure

The equalizer parameters can be collected in the vector

, (12)

where the subscriptl indicates the lattice structure. They are
updated in order to minimize the CM cost function

Transmitter
Fig. 1. Passband model of QAM transmission.
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Fig. 2. IIR equalizer structure.
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, (13)

where  and  means expec-
tation. The corresponding CMA can be derived by omitting the
expectation in (13), calculating the gradient with respect to
wl(n) and correcting the equalizer parameters slightly in the
opposite direction, whereµ is a small positive step-size:

. (14)

Following [6], the gradient on the right hand side of (14) can
be determined as

, (15)

wherewd = [b a] is the corresponding direct form filter with
feedback filter taps a = [a1 a2 ... aM]. The relation betweenk
and a is given by theM×M transformation matrixTM [6]

, (16)

whereT is recursively defined as  and

. (17)

Making use of the standard slow convergence property, i.e.
assuming , the gradient signals of the di-
rect form filter are given by [7],[8]

(18)

(19)

(20)

. (21)

With [6], we can write

, (22)

where  is the state vector of the lat-
tice filter with coefficient vector  and input . Us-
ing once more the slow convergence property [7],  can
be written as

(23)

In an analog way  is formed by theN preceding outputs

of L lattice filters with input , and state  as

(24)

An offline version of the model shown in Fig. 2, withX(n)
generated by fixed parameters, yields to a simplified version of
(22) with vanishing second term [6],[7]. Substitution into the
online version results in the simplified algorithm

, (25)

, (26)

, (27)

. (28)

It can be seen in (13), that the CMA-adapted equalizer is
blind to a rotation of the constellation. To obtain the correct
orientation, the actual phase-error  is estimated and the
equalizer output is multiplied by . The required device,
e.g. the second order phase-tracking loop as suggested in [3],
is located behind the rotator shown in Fig. 1. Alternatively, the
dual-mode multimodulus algorithm could be employed for
equalizer updating as proposed in [1] for linear equalizers.

C.  Simplified Equalizer Algorithms applying Feintuch Up-
dates and Phase-Splitting Forward Filter

By omitting the regressor filtering in (18) and/or (20), sim-
plified versions of the algorithm described by (23) - (28) can
be derived. The partial derivation of  with respect to

 is then approximated by Feintuch updates [8]-[10]. Ap-
plied to (18), the second term in (19) vanishes and (27) simply
becomes , so that the prefilter of state

 can be omitted. Applied to the gradient of the feed-
back filter, (21) becomes , so that vector

 in (28) is approximated by  and the lattice prefil-
ter with state  becomes redundant.

If the introduced algorithm is employed to passband equal-
ization, the feedforward filter can be considered as a Hilbert
transformer generating the analytic (complex-valued) signal,
followed by two real-valued equalizers which are theoretically
identical. These two tasks are combined into one filtering op-
eration. The forward filter has therefore to be initialized as a
phase splitter, which can be chosen as the pulse-shaping trans-
mit filter employed at the transmitter. This is in contrast to
equalization in baseband domain, for which phase-splitting is
performed by a mixer and the forward equalizer can be initial-
ized by a single spike.

We apply the phase-splitting equalizer introduced in [11] for
passband equalization, which implements the feedforward fil-
ter as two real-valued filters and omits the cross-coupling be-
tween these filters. The resulting hardware efficient equalizer
requires half as many real-valued multiplications per symbol
as the complex-valued filter.

J wl( ) E y 2 γ–( )2{ }=

γ E y n( ) 4{ } E y n( ) 2{ }⁄= E{ }.

wl n 1+( ) wl n( ) 1
2
---µ

wl∂
∂J

wl n( )
–= =

wl n( ) µ y n( ) 2 γ–( )
wl∂
∂

y n( )
2

–

wl∂
∂

y n( )
2 w∂ d

w∂ l
T

----------
wd∂
∂

y n( )
2

=

a n( ) k n( )TM n 1–( )=

T1 1=

Tm

Tm 1–

km 1– km 1– k1 … km 1– km 2– 1 Tm 1–⋅

=

0

0

...

Tm 1–

.

wd n( ) wd n 1–( )=

bi
l( )∂

∂
y n( )

2
2y n( )ζi

l( ) n( )∗=

ζi
l( ) n( ) r l( ) n i–( ) x a∑ k n 1–( )ζi

l( ) n k–( )–=
M

k 1=

ai∂
∂

y n( )
2

2y– n( )ψi n( )∗=

ψi n( ) y n i–( ) x ak n 1–( )ψi n k–( )∑–=
M

k 1=

kT∂
∂a

T= n 1–( ) k n( )
kT∂
∂ T n 1–( )+

kT∂
∂

y n( )
2

2– y n( ) XA n( )∗ k+ n( )
kTd

d XA n( )∗ 
 =

XA n( ) T n 1–( )YA n( )=
k n 1–( ) y n( )

YA n( )

YA n( ) ψ n( ) ψ n 1–( ) … ψ n M 1+( )–( ) T= .

RA n( )

r l( ) n( ) XR
l( ) n( )

RA n( ) ζ n( )T ζ n 1–( )T … ζ n N 1+( )–( )T T
= .

b n( )
k n( )

b n 1–( )
k n 1–( )

µ y n( ) 2 γ–( )y n( )
RA n( )H

XA– n( )H
–=

XR
l( ) n( ) Q n 1–( )XR

l( )
n 1–( ) P n 1–( )r l( ) n( )+=

ζ l( ) n( ) k– n 1–( )XR
l( ) n 1–( ) r l( ) n( )+=

XA n( ) Q n 1–( )XA n 1–( ) P n 1–( )y n( )+=

θ
e j θ–

y n( ) 2

wd

ζi
l( ) n( ) r n i–( )=

XR
l( ) n( )

ψi
l( ) n( ) y n i–( )=

XA n( ) X n( )
XA n( )



D.  Switching to Tracking Mode

When converged, the equalizer is switched to a DFE, updat-
ed by standard least mean squares (LMS) algorithm. CM re-
ceivers are generally supposed to be located in the vicinity of
the corresponding DFE [8]. We can however further minimize
the probability of getting trapped in a local minimum of the
DFE cost function by applying a soft decision device intro-
duced in [12] for the sake of higher MSE, as then the amplitude
of the feedback filter’s input signal reduces for low MSE, re-
ducing the probability of error propagation.

The decision error applied for updating of the DFE‘s feed-
forward filter has to be backrotated by . As the (hard or
soft) decision is a bounded signal, stability monitoring be-
comes redundant. The feedback filter can therefore be
switched to a direct form implementation requiring the halved
number of multiplications compared to a lattice implementa-
tion. This results either in power saving or allows increasing
the number of filter taps (forward or feedback) with the same
number of employed multipliers. The latter is advantageous, as
equalizers adapted by stochastic gradient descent algorithms,
like CMA, exhibits an excess mean square error due to adapta-
tion noise which increases with increasing number of filter
taps. For CMA operating on non-CM constellations, this noise
gets relatively high. As the CMA-adapted start-up equalizer
has only to succeed in opening the eye, while the symbol error
rate during DD equalization should be much lower, it was sug-
gested in [13] that the latter shall generally consist of more taps
than the equalizer during acquisition.

A recursive algorithm for the calculation ofa (  in (29))
from k can be derived from (16). It is given by

(29)

This calculation can be performed offline, assuming the chan-
nel to be only slowly time-varying.

If the MSE in tracking mode raises over a predefined value,
caused e.g. by a sudden change in the channel characteristics
or an emerging strong disturber, the equalizer is switched back
to acquisition mode. We suggest to set the parameters ofk then
to zero, as the feedback filter of a DFE is not generally mini-
mum phase and therefore the corresponding IIR filter may be
instable. The set of feedforward filter coefficients may howev-
er serve as a new starting coefficient set.

E.  Determination of the Modulation Technique

Whether QAM or CAP transmission scheme is employed
can easily be determined by

(30)

The expectations in (30) can be approximated by averaging
over a number ofp symbols. A simple technique is therefore to
switch the symbol rotator in Fig. 1 alternatingly on and off ev-
ery p symbols and measure the resulting MSE. If it drops be-
low a specified constellation-dependent threshold for
switching to DD-mode while the rotator is active, the transmis-
sion scheme is detected as QAM, otherwise as CAP. This tech-
nique has no crucial influence on the phase error estimator, as
during periods of incorrect constellation rotation the phase er-
ror can be viewed as a random signal. The misadjustment van-
ishes then therefore in the mean.

If QAM transmission has been determined from (30), the tap
weights of the feedback filter have to be rotated before switch-
ing to the DFE structure, as the feedback filter of the DFE is
fed by the sliced symbols, which have already been backrotat-
ed. Consider the direct form filter whose taps weights are cal-
culated by means of (29). Its output is given by

. (31)

If its input signal is backrotated, (31) becomes

. (32)

Equations (31) and (32) coincide, if the tap weights in (32) are
rotated, i.e. the tap weights of the feedback filter in the starting
period, denoted as  are rotated representatives of the
weights required in the tracking period  according to

. (33)

This simple transformation can also be performed offline.

IV. SIMULATION RESULTS

We present simulation results for the dual-mode algorithm
in a scenario similar to the one introduced in [1], with carrier
frequency  set to 15 MHz and  = 25.92 Mbaud. Either
16-CAP or 16-QAM transmission is employed. A∅ 0.5 mm
VDSL1-TP1 loop [2] of length 250m has been chosen. Square-
root raised-cosine pulse shaping filters with 15% excess band-
width are employed as transmit-filters. The magnitudes of the
transmit filter and the loop transfer functions are shown in
Fig. 3. White noise with  is added to the receiv-
er input signal. At the receiver side we employ a  FS
phase splitting forward equalizer with 48 taps, separately pro-
cessing the in-phase and quadrature components of the input
signal, which is initialized with the coefficient weights of the
pulse-shaping transmit filters. The feedback filter consists of
10 taps. The number of taps remains unchanged during the si-
mulations. The step-sizes of the two adaptive filters are set to
0.002 and 0.001 during starting and tracking period, respec-
tively. They must not be chosen too high during acquisition, as
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ãpyk p– e
j p 1+( )ωcT–

p 1=

N

∑–=

aIIR
aDD

aDDk
aII Rk

e
j ωckT

=

f c 1 T⁄

σn
2

2 10⋅ 5–=
T 3⁄

(30)



this violates the slow convergence property and the equalizer
may then converge to wrong solutions, with output symbols lo-
cated on a circle. The switch to DD-mode occurs, if the MSE
calculated by the receiver drops below -16.7 dB.

In the first simulation the original algorithm is compared
with the simplifications derived by the Feintuch approach. The
resulting MSE curves (averaged over 100 symbols) for QAM
transmission are shown in Fig. 4. The simplified algorithms
show almost no performance degradation for the considered
scenario.

The second simulation shows the algorithm’s ability to
blindly determine the transmission scheme. Resulting MSE
curves for both schemes are shown in Fig. 5, each simulated
with known and unknown transmission scheme. As expected,
the resulting MSE gets very high during periods with wrong
symbol rotation, the speed of convergence however does not
suffer from the on and off turning of the symbol rotator. The
true transmission scheme is identified in all cases.

V. CONCLUSION

In this paper, we presented a blind start-up technique for
DFEs based on the IIR-CMA. For stability reasons, the feed-
back filter is implemented in two-multiplier lattice form,
which allows easy stability monitoring. The algorithm is well
suited for equalization in the passband domain, as the feedback
filter is placed behind the forward filter in acquisition mode.
The required phase-splitting is therefore implicitly performed
by the forward filter and the feedback filter is fed with a com-
plex signal. We further introduced an approach for blind deter-
mination whether QAM or CAP transmission is applied.

In tracking mode the structure is switched to the DFE with
feedback filter implemented in direct form. The coefficients of
its corresponding starting mode equalizer have therefore to be
transformed by means of a simple recursive algorithm. If the
transmission scheme is detected as QAM, the tap weights have
furthermore to be rotated. In order to minimize the probability
of getting trapped in a local minimum of the DFE cost func-
tion, the feedback filter is the favorably fed by soft decisions.
Simplifications of the proposed algorithm, deduced by approx-
imating the gradient signals by Feintuch updates, are also
shown in this paper. Simulation results indicate only slightly
performance degradation of the simplified algorithms.
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Fig. 3. Magnitudes of loop and transmit filter transfer functions for the con-
sidered scenario.
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Fig. 4. MSE curves during start-up for QAM-transmission with exact algo-
rithm and simplifications employing Feintuch updates (FU).
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